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ABSTRACT
A robust statistical analysis is presented for the axisymmetric motile micro-
organism flow over a spinning disk. The bio-convective flow of non-
Newtonian nanofluid over a circular stretching rotating disk is considered.
As a novelty, the influence of thermal radiation and binary chemical reac-
tion and activation energy are incorporated to enhance the study. The
requisite transformation rules are adopted to get a suitable non-dimen-
sional model of the problem under consideration. Further, traditional
numerical technique with the help of shooting-based Runge-Kutta fourth-
order is employed subject to the suitable surface conditions in the pro-
posed model. The characteristics of these parameters affecting the flow
phenomena are depicted through graphs. According to the physical inter-
pretation of the results, the non-Newtonian parameter, in conjunction with
the stretching parameter, does have a significant role in elevating the
radial velocity profile. A faster chemical reaction rate causes a decrease in
fluid concentration, and faster energy transmission is caused by thermal
radiation. The higher degree of thermal radiation and the greater Biot
number are associated with a considerable increase in the rate of heat
transfer and also boost the temperature of the nanofluid. The rate of heat
transmission is extremely sensitive to the Biot number. A robust statistical
approach namely Response Surface Methodology based on a face-centered
Central Composite Design model is prescribed for the optimized heat
transfer properties using various factors. The regression analysis is con-
ducted through analysis of variance and the sensitive analysis of these fac-
tors is also exhibited. The current numerical analysis has relevance in the
bioengineering of organisms movement, gas turbines, processing of food,
enzyme bio-metals, and oil recovery.
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1. Introduction

The issue of fluid flow over a spinning disk is one of the basic problems in fluid dynamics, and it
is one of the topics that attract a lot of attention in a variety of industrial and technical opera-
tions. The Coriolis effect, as opposed to the fluid inertia, may counteract the viscous forces
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occurring on a fluid as it spins in a rotating disk system. According to this force, objects that are
in motion appear to repel when viewed from a reference frame that rotates. The transport of heat
in the existence of the Coriolis force has emerged as a topic of increasing significance in engin-
eering, biomedical, and industrial applications. These kinds of fluid currents are specifically to be
found in spinning machinery and lubrication, gas turbines, food processing technologies, elec-
tronic devices containing rotatory components, air cleaning machines, medical instruments, mem-
ory-saving devices, and rotating equipment. Homotopy analysis was used by Hee Doh et al. [1]
to report on the heterogeneous and homogeneous responses in a nanofluid hydromagnetic flow
in a rotating disk with a varying thickness in the presence of a suction or injection factor. Khan
[2] took into account the (D-FM) Darcy-Forchheimer Model to investigate computationally the
influence of entropy creation via an elongating spinning surface is subjected to a non-linear
radiative flow of a viscous liquid saturated with composite particles in the occurrence of mixed
convection and multi-slip situations. Using the RKF-45 technique, Mandal and Shit [3] explored
the entropy of a viscosity nanofluid flowing hydromagnetically and convectively across a rotating
porous disk with a stretching rate that varied with time and along the disk’s radial direction.
Nayak [4] used HAM to explore the 3D MHD stream and energy transport measurements as well
as the viscous dissipation of nanofluid over a contracting surface. Recently, When there are large
misalignments between the flow and the disk axis, Dinarvand and Nejad [5] used the three-stage
Lobatto IIIa formula implemented in MATLAB to investigate the off-centered stagnation point
stream of a hybrid silver and magnesium oxide nanofluid affecting a spinning disk. Local thermal
non-equilibrium affects a stable, viscous and incompressible Ostwald-de-Waele nano-liquid across
a spinning disk in a permeable medium, Ragupathi et al. [6] examined this effect using RKF com-
bined with the shooting technique. Izady et al. [7] have reported on the stability study of a con-
tinuous two-dimensional boundary layer stream of a ferrite-copper oxide hybrid nanofluid
hydromagnetic stream across an elongating permeable wedge with linear radiative heat flux
effects. Algehyne et al. [8] explored the hydromagnetic flow of a convective combination of ethyl-
ene glycol and water with nanoparticles like silver and graphene across a spinning disk in the
presence of thermal convection, thermal radiation, and heterogeneous and homogeneous chemical
reactions using HAM. Sarangi et al. [9] study the heat transfer and B€odewadt stream properties
of the ternary fluid stream with second-order slip across a stretched rotating disk considering the
dissipation and thermal radiation effects. Dinarvand and Rostami [10]. put forth the numerical
findings on the unsteady 3D squeezed transport of the ferrite-graphene oxide-water hybrid nano-
fluid within a rotating channel with two parallel and vertical sheets, where the bottom sheet is
fixed, stretchable, and porous, whereas the top sheet has movement and non-permeable. A few
important studies on bioconvective flow over a spinning disk may also be found in other articles
(See Ahmed et al. [11], Shamshuddin et al. [12], and Humane et al. [13]).

The activation energy is an obligatory component that must be present for a chemical reaction
to take place. The smallest amount of energy necessary for molecules or atoms to endure a chem-
ical reaction is referred to as this energy. The Arrhenius activation energy is essential for the
engineering of geothermal systems, oil emulsions, and the mechanics of water. Using the perturb-
ation approach, Bestman [14] considered a natural convective stream to investigate the effects of
(BCR) Binary Chemical Reactions in a porous material in 1990. He noted that the activation
energy is the energy threshold that initiates the reaction of species; hence, reactants give rise to
products. He also said that the activation energy is the energy barrier. Researchers from all
around the world conducted studies on the influence of Activation energy and BCR for both
Newtonian and non-Newtonian fluid cases, which were influenced by a variety of materials and
geometrical configurations. Which includes, Nayak et al. [15] reported on the entropy analysis of
the electromagnetism of CNT suspensions with optimized entropy production and cubic auto-
catalytic chemical reaction using the Xue model. Shafique et al. [16], considered an elongating
sheet to investigate the three-dimensional non-Newtonian fluid stream with rotation effects; The

2 S. ONTELA ET AL.



energy transfer on the cross movement of micropolar fluids across a thin needle traveling in a
parallel flow, influenced by binary chemical reaction and Arrhenius activation energy, was shown
by Mabood et al. [17] using the RKF-45 approach. very recently, Ijaz et al. [18] explored HAM
analysis on Sisko fluid considering energy irreversibility effects through the rotating surface.
When chemical reactions and heat production effects were present, Nayak et al. [19] used
Kummer’s function to investigate the transport of mass and energy in a boundary layer stream
via a medium that is porous of an electrically conducting viscoelastic liquid exposed to a longitu-
dinal magnetic field. The numerical findings of Chu et al. [20] study of a 2D incompressible lam-
inar steady third-grade fluid stream across an elongating surface in the presence of gyrotactic
microorganisms was presented using the Shooting technique. Hayat et al. [21] described the
Jeffrey fluid flow boundary layer phenomenon with the convective hydromagnetic flow within an
inclined sinusoidal permeable channel in the presence of hall currents. Convective flow within a
parallel permeable tube was presented by Ahmed et al. [22] by employing HAM. In order to
explore the EMHD flow of a Carreau nano liquid across a thin needle under Robinson’s circum-
stances and the Arrhenius pre-exponential factor law where double stratification is important,
Mabood et al. [23] used the RKF-45 approach. A few important studies on nanofluid flows with
activation energy may also be found in other articles (See Jabeen [24], and Acharya et al. [25]).

Bioconvection is the name given to the macroscopic liquid convective movement that is cre-
ated by the density gradient. This movement is brought about by a group swimming strategy
used by gyrotactic motile organisms. As a result, particles with a lower density are moving to the
surface of a liquid, where they will be more easily observed. These self-propelled gyrotactic bac-
teria led to bioconvection by swimming in a particular direction, which enhanced the fundamen-
tal density of the fluid. When present in nanofluid, microorganisms are more productive and can
increase the rate of heat transmission. Researchers from a wide variety of fields are interested in
the fluid transport phenomena that involve very small particles acting as microorganisms because
of the potential applications that these findings could have in the fields of oil recovery, food proc-
essing, enzyme bio-metals, and bioengineering of species transport. computational methods to
scrutinize the distinct influences of slip on an unsteady axisymmetric stream of magnetic Carreau
nanoparticles and a cluster of freely moving microorganisms by Faiz et al. [26]. In a recent study,
to model the bioconvection transport of nanofluid via a lubricated surface inhabited by swim-
ming microorganisms, Alqarani et al. [27] made use of a preexisting MATLAB code to replicate
the melting heat phenomena. For the Buongiorno model with the Runge-Kutta scheme and the
shooting technique, Shafiq et al. [28] analyzed the nanofluid bioconvection through a spherical
disk using artificial neural networks (ANNs). Dinarvand et al. [29] used FDM to explore dual sol-
utions and conduct a stability study on the constant laminar MHD movement of a nanofluid
mixture along the horizontal slender needle including radiation from heat. Wang et al. [30] pub-
lished a study on the natural bio-convective flow of a Maxwell nanofluid across an exponentially
extending surface with slip and convective boundary conditions. Over an angled radiative stretch-
ing cylinder, Mondal et al. [31] conducted an entropy investigation of the thermo solute stratifi-
cation of a nanofluid flow, including gyrotactic microorganisms. They discovered that, under
parametric modification, the viscosity models react slightly differently. The Brownian motion of
particles in the model-I scenario is greater than in the model-II situation. When a flat surface is
exposed to a stagnation-point flow of chemically reactive Oldroyd-B fluid, Cui et al. [32] investi-
gated the non-similar characteristics of heat generation in bioconvection. OHAM was utilized by
Ghasemian et al. [33] to study the unsteady 3D stagnation point viscoelastic flow of nanofluid
around a circular cylinder involving sinusoidal radius change using the Buongiorno model. By
employing the shooting approach the mass-based hybrid nanofluid stream is reported by
Dinarvand et al. [34] to address the Jeffery-Hamel model, they considered the non-uniform chan-
nel stream with the multi-slip influences. Ali et al. [35] have used the Galerkin method to exam-
ine the effects of motile microorganisms and a Lorentz force on the hydromagnetic, transient
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Blasius and Sakiadis flows. The implications of bio-convection for the Carreau nanofluid flow
across a stretched cylinder as described by Song et al. [36] when melting phenomena and chem-
ical reaction effects are present.

A mathematical and statistical technique known as the Response Surface Methodology
(RSM) is used to investigate and improve the performance of a response variable whose values
are dependent on several different important factors. It is possible to use RSM to fit an empir-
ical complete quadratic model by making use of the response data that was produced based on
the CCD model. The model may be used to figure out the optimal range of input factors,
which will provide the best possible response function. A plethora of researchers reported a
variety of investigations by approximating the response function via the use of the Design of
experiments. Amongst many others, Mahanthesh et al. [37] a sensitivity analysis of the thermal
transfer rate over a wedge surface using the RSM was explored, taking into account the princi-
pal slip mechanisms as well as an exponentially space-dependent heat source and a linear ther-
mal source. Using Runge Kutta Fhelberg scheme, Saraswathy et al. [38] analyzed the behavior
and sensitivity of the rate of heat transfer in a micropolar fluid flowing through an asymmetric
channel heated by Newtonian heating at a constant surface temperature and also optimized the
energy rate with RSM. The Central Composite Design model (CCD) with a face-centered
approach in the RSM was adopted by Mahanthesh et al. [39] to optimize energy transfer over
a wedge with ethylene glycol as base fluid and ZnO as metal oxide. The improvement of the
thermal conductivity of nanofluids is achieved by aggregating nanoparticles, as shown by sev-
eral researchers. The fractal size of the nanoparticle aggregation, however, will have a signifi-
cant impact on the nanofluid’s thermal conductivity. In this direction, by utilizing the Finite
Difference Method (FDM) and the RSM with a CCD model, Rana et al. [40] explored the
influence of Hall current, nanoparticle aggregation, on nanofluid stream through the rotatory
disk and also over the heated circular tube, as reported by Mahanthesh et al. [41]
Computational research by Rana and Gupta [42] on the rotatory dynamics of a nano liquid
across a disk under Stefan blowing and multiple slips using the nonlinear density temperature
(NDT) is reported. The authors also used the RSM to optimize the rate of energy and solute
transmission in the spinning fluid stream. Recently, various works have reported experimental
designs using RSM based on CCD models, such as conventional thermo-solute Marangoni
mixed flow over a rotating disk by Mackolil and Mahanthesh [43], quadratic convective radia-
tive rotating flow over a cone with the finite element method by Rana and Gupta [44],
Fayyadh et al. [45] have reported on the activation energy of a Carreau fluid that transports
magnetized nanoparticles through a permeable surface. and Rana and Akash [46] published an
analysis of buoyancy-driven flow on a vertical cylinder.

The aforementioned literature confirms and to the best of the author’s knowledge, off late little
attention is given to the optimization and sensitivity analysis of the axisymmetric gyrotactic
motile microorganisms flow over an elongating rotatory disk. However, recently Abbasi et al. [47]
reported the effects of heat absorption on bioconvective nanofluid flow over a rotating disk with
the Keller-Box Method, Mahanthesh et al. [48] applied the RKF-45 scheme in combination with
the Shooting Technique to investigate the influence of corillids and Lorentz forces on nanofluid
flow over rotating disk and Umair Khan et al. [49] numerically explored the Casson nanofluid
with gold as metals and blood as base fluid through a spinning stretchable disk considering non-
linear radiative heat flux. All of these studies ignored the significance of Arrhenius activation
energy and radiation influence on motile microorganism flow through the convective thermal
surface. The novelty of the present investigation is to explore numerical optimization and sensi-
tivity analysis on axisymmetric motile microorganism flow of viscoelastic nanofluid over a spin-
ning circular disk with a central composite model by the presence of binary chemical reaction
and thermal radiation forces. Thus, the current investigation aims to address the following spe-
cific objectives.
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� The Buongiorno mathematical model is presented for the axisymmetric bioconvective visco-
elastic gyrotactic microorganisms flow over a rotating circular disk subjected to a convective
thermal surface and zero mass flux.

� The impact of the pertinent parameters such as Binary Chemical Reaction (BCR), heat source,
thermophoresis, concentration of the fluid and motile particles, and thermal radiation on the
flow configuration is explored.

� The multivariate fully quadratic model with three input factors for convective heat transfer
coefficient using RSM is provided based on the Central Composite Design (CCD).

� Optimization levels of thermophoresis, thermal Biot number, and thermal radiation are deter-
mined and the sensitivity of the response function concerning physical input parameters is
presented.

2. A Mathematical model for flow configuration

Considered here is the axisymmetric bioconvective flow of viscoelastic nanofluid across a circular
disk spinning with an angular velocity X while being stretched in a radial direction at a constant
rate S: Figure 1 depicts a physical sketch of the considered model by using cylindrical coordinates
ðr, h, zÞ in such a manner that the disk is kept at a constant temperature Tw, the species concen-
tration Cw is put at z ¼ 0, and the fluid occupies the area z > 0: According to Revilin [50], the
Cauchy stress tensor for the rheology of the fundamental flow field is defined as

s ¼ �PI þ lA1 þ a1A2 þ a2A
2
1 (1)

In Eq. (1) the pressure is represented as P kinematic tensors are given as A1 & A2 and normal
stress moduli are represented as a1 & a2: This article presents a comprehensive examination of
the constraints imposed by these factors, and it is well known that it draws on research published
by Dunn and Fosdick [51]. By ignoring the effects of body forces and doing a sub-sequential ana-
lysis based on the thermodynamic circumstances l � 0, a1 � 0 and a1 þ a2 ¼ 0, the governing
balances of the flow are obtained as (See Abbasi et al. [47], Alqarani et al. [27], Chu et al. [20],
Mahanthesh et al. [48] and Ghasemian et al. [33]).

@u
@r

þ u
r
þ @w

@z
¼ 0 (2)

Figure 1. Schematic of flow configuration.
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In Eqs. (2)–(8), The components of velocity in radial, azimuthal, and axial directions, are
denoted with the dependent variables ðu, v,wÞ, motile microorganisms volume fraction is N,
energy is T and solute concentration is C, srr, shz, srh, srz , szz are the elements that make up
the stress tensor of a fluid of the second grade, fluid density is q, heat flux of the thermal radi-
ation is qr, thermal conductivity of nanofluid is k, the coefficient of thermophoretic diffusion is
DT , the motile micro particles species diffusivity is DN , the coefficient of Brownian motion diffu-
sion is DB, chemotaxis constant is b and maximum cell spinning Wc:

Adopting the fundamental conduction rule, a simplified version of the slip conditions can be
produced, and it is clear from several theoretical studies that using these circumstances enhances
the heat conductivity at the wall’s surface compared to using the no-slip conditions. Moreover,
Nield and Kuznetsov [52] introduced the zero-mass flow condition that has also been taken into
account. For the problem under consideration, the relevant constraints (See Abbasi et al. [47],
Alqarani et al. [27], Kuznetsov and Nield [53]) at the disk’s surface and the free stream are pro-
vided by

uð0Þ ¼ Sr, vð0Þ ¼ rX, wð0Þ ¼ 0, � k
@T
@z

ð0Þ ¼ hwðTw � TÞ, @Cð0Þ
@z

DB þ @Tð0Þ
@z

DT

T1
¼ 0, Nð0Þ ¼ Nw,

uð1Þ ¼ 0, vð1Þ ¼ 0, wð1Þ ¼ 0, Tð1Þ ¼ T1,Cð1Þ ¼ C1, Pð1Þ ¼ P1,Nð1Þ ¼ N1

9=
;
(9)

Here coefficient of heat transfer is hw the motile organisms concentration Nw, the temperature
at the surface wall Tw, and the species concentration Cw:

Following Abbasi et al. [47] the linked PDEs were transformed into a set of ODEs using the
set of similarity variables.,

g ¼ z 2X
t

� �1=2
, u ¼ rXf 0ðgÞ, w ¼ �f ðgÞ ffiffiffiffiffiffiffiffi

2tX
p

,
N � N1
Nw � N1

¼ wðgÞ
T � T1 ¼ Tw � T1ð ÞhðgÞ, C � C1 ¼ Cw � C1ð Þ/ðgÞ, p ¼ p1 � XlpðgÞ

9=
; (10)
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Using Eq. (10) in Eqs. (3)–(8) we get,

f 000 þ g2

2
� f 02

2
þ f 00f þ a 2 g0

� �2 þ gg0 � f 00
� �2 � 2f 0f 000 � 2ff iv

h i
¼ 0 (11)

g00 � f 0g þ fg0 þ a 2f 0g00 � gf 000 � 2fg000
	 
 ¼ 0 (12)

h00 þ pr
1þ Nð Þ Nth02 þ bhþ Nbh0/0 þ þf h0

	 

¼ 0 (13)

/00 þ Nt
Nb

h00 þ Scf/0 � 1
2
Scr1 1þ dhð Þn/ exp � E

1þ dhð Þ
� �

¼ 0 (14)

w €þLbfw
0 � Pe w0/0 þMc/00 þ w/00	 


¼ 0 (15)

Subject to,

f ¼ 0, f 0 ¼ k, g ¼ 1, h0 ¼ �Bit 1� hð Þ, /0 þ Nt
Nb

h0 ¼ 0, w ¼ 1 at z ¼ 0

f 0 ¼ 0, g ¼ 0, f 00 ¼ 0, g0 ¼ 0, h ¼ 0, w ¼ 0 at z ! 1

9=
; (16)

Where, Nb the Brownian motion parameter, Sc Schmidt number, pr Prandtl number, Nt ther-
mophoretic parameter, k stretching parameter, b heat generation parameter, r1 chemical reaction
constant, E activation energy parameter, d temperature factor, Bi denotes the thermal Biot num-
ber, Pe (bioconvection) Peclet number, Lb (bioconvection) Lewis number, Mc microorganism-
concentration constant, and a is a non-Newtonian fluid parameter.

pr ¼ t
a
, Nt ¼ DT

T1

s
t
Tw � T1ð Þ, Nb ¼ DB

s
t
Cw � C1ð Þ,N ¼ 16r�

3kk�
T3
1, Sc ¼ t

DB
,
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T1

, r1 ¼ k2r
X
, E ¼ Ea

k
, Lb ¼ t

DN
, Pe ¼ bwc

DN
,Mc ¼ N1

Nw � N1

� �

k ¼ S
X
,Bi ¼ hw

k

ffiffiffiffiffiffi
�

2X

r
,b ¼ Q0

XðqCpÞ
For this purpose, we define the local Nusselt and Sherwood numbers, which describe the heat

and mass transfer on the disk’s surface, and the local density number, which stands for the wall
mass flow of the motile microorganisms.

Sh ¼ r @C
@zz¼0

Cw � C1
, Nu ¼ r @T

@zz¼0

Tw � T1
, De ¼ r @N

@zz¼0

Nw � N1
: (17)

In non-dimensional representation we have,

Re
�1

2
r Sh ¼ Nt

Nb
h0ð0Þ, Re

�1
2

r Nu ¼ � 1:0þ Nð Þh0ð0Þ, Re
�1

2
r De ¼ w0ð0Þ: (18)

3. Results and discussion

The axisymmetric motile microorganism flows over a spinning disk for the bio-convective flow of
non-Newtonian nanofluid is considered in this analysis where the disk is stretching in a radial
direction with uniform rate. The novel characteristic of a binary chemical reaction and activation
energy is incorporated to enhance the study. The characteristic of the diversified constraints
affecting the flow phenomena is organized by solving the modeled equations by using the shoot-
ing-based Runge-Kutta fourth-order technique. Therefore, the in-house routine code bvp4c in
MATLAB is useful. The code validation is presented in Table 1 depicting the role of the
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particular constraints N ¼ 0, r1 ¼ 0&Bi ¼ 0:1 with different values of a for the Nusselt number,
Sherwood number, and the local density number. The numerical results are correlates with the
work of Abbasi et al. [40] that shows the convergence criteria as well as validation of the present
result with the proposed methodology. The parametric behavior of the aforementioned parame-
ters on the flow profiles is presented through Figures 2–15.

3.1. Variation of stretching and non-Newtonian parameters

Figure 2 describes the role of the stretching parameter combined with the non-Newtonian param-
eter on the radial velocity distribution. Here, a 6¼ 0 indicates the properties of non-Newtonian
fluid due to the relaxation time whereas k ¼ 0 shows the sheet is at rest and k 6¼ 0 represents the
case of stretching of the sheet. One of the peculiar characteristics is observed near the sheet
region and it is seen that a sudden hike in the velocity profile occurred for the increasing stretch-
ing parameter irrespective of the variation of the non-Newtonian constraints. Further, the profile
is dominated to reduce significantly as the domain increases. For k ¼ 0, when the sheet is at rest,
the velocity profile retards significantly in comparison to the case of stretching. The augmented
non-Newtonian parameter favors enhancing the velocity profiles and then ceases to requisite
boundary conditions asymptotically. Figure 3 depicts the significant behavior of the non-
Newtonian parameter and the stretching parameter on the nanofluid temperature. The compara-
tive study reveals that increasing stretching restricts the fluid temperature vis-�a-vis the thickness
of the thermal bounding surface decreases significantly. Also, the non-Newtonian properties of
the fluid decelerate the temperature significantly for their increasing values. Figure 4 illustrates
the effects of the stretching parameter and the non-Newtonian parameter on the concentration

Table 1. Validation of the numerical results when N ¼ 0, r1 ¼ 0 & Bi ¼ 0:1:

a

Abbasi et. al Present Results

Re�0:5
r Nu Re�0:5

r Sh Re�0:5
r De Re�0:5

r Nu Re�0:5
r Sh Re�0:5

r De

0.1 0.065878381 �0.067587380 0.42297628 0.065878382 �0.067587381 0.42297624
0.3 0.071856782 �0.071856732 0.45239421 0.071856784 �0.071856735 0.45239423
0.5 0.074185529 �0.074185529 0.47345872 0.074185536 �0.074185528 0.47345877

Figure 2. Profiles of f‘(g) at Pr ¼ 2, Nt¼Nb ¼ 0.1, n¼ 1, Sc ¼ 0.8, d¼ 0.5, E¼ 1, Lb¼ Pe ¼ 1, Bi ¼ 0.1, N¼ 0.1, Mc ¼
0.1, b¼ 0.1.
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distribution. In an interesting observation, the dual characteristic in the profile is exhibited from
the point of contact within the domain nearly g ¼ 2:5: It is seen that, for the enhanced stretching
the profile boosts up to increase the fluid concentration in the first region however, afterward it
attenuates smoothly. The physical significance of the non-Newtonian parameter also corroborates
with similar effects. Figure 5 contributes the effects of the non-Newtonian parameter as well as
the stretching parameter on the motile-micro-organism profile. Though both the parameters
attenuate the profile significantly it reveals an asymptotic behavior to meet the requisite boundary
condition therefore, the strength retards the thickness of the bounding surface. Figure 6 depicts
the significant characteristic of these parameters on the transverse velocity distribution for the
existence of the other contributing coefficients as prescribed in the figure caption. The behavior
shows distinct in nature concerning the radial velocity due to the rotational motion of the par-
ticles within the domain. The nonexistence of the stretching performs its maximum strength

Figure 3. Profiles of h(g) at Pr ¼ 2, Nt¼Nb ¼ 0.1, n¼ 1, Sc ¼ 0.8, d¼ 0.5, E¼ 1, Lb¼ Pe ¼ 1, Bi ¼ 0.1, N¼ 0.1, Mc ¼
0.1, b¼ 0.1.

Figure 4. Profiles of /(g) at Pr ¼ 2, Nt¼Nb ¼ 0.1, n¼ 1, Sc ¼ 0.8, d¼ 0.5, E¼ 1, Lb¼ Pe ¼ 1, Bi ¼ 0.1, N¼ 0.1, Mc ¼
0.1, b¼ 0.1.
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however the enhanced values retard the profile, and it became smooth with increasing domain to
cease to zero. Further, the non-Newtonian relaxation parameter also favors in retarding the transverse
velocity. These above-mentioned features have significant characteristics in recent technologies used
in several industrial as well as engineering and electronic products to strengthen efficiency.

3.2. Effect of chemical reaction

Figure 7 illustrates the impact of binary chemical reactions due to the involvement of the activa-
tion energy on the concentration distribution. The numerical value r1 ¼ 0 suggests the nonexis-
tence of the chemical reaction coefficients whereas r1 6¼ 0 indicates the role of various gaseous
species affecting the concentration profile. The profile exhibited in the corresponding figure

Figure 5. Profiles of w(g) at Pr ¼ 2, Nt¼Nb ¼ 0.1, n¼ 1, Sc ¼ 0.8, d¼ 0.5, E¼ 1, Lb¼ Pe ¼ 1, Bi ¼ 0.1, N¼ 0.1, Mc ¼
0.1, b¼ 0.1.

Figure 6. Profiles of g(g) at Pr ¼ 2, Nt¼Nb ¼ 0.1, n¼ 1, Sc ¼ 0.8, d¼ 0.5, E¼ 1, Lb¼ Pe ¼ 1, Bi ¼ 0.1, N¼ 0.1, Mc ¼
0.1, b¼ 0.1.
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reveals its dual characteristic and it is depicted that with an increasing chemical reaction the fluid
concentration shows its sudden hike near the sheet region till the profiles have a point of inflec-
tion nearly about g ¼ 2 and thereafter reverse impact is rendered. Therefore, the fluid concentra-
tion decelerates with enhanced reacting species contributing sooth behavior to achieve the
prescribed free stream conditions.

3.3. Variation of thermal radiation

Figure 8 exhibits the influence of the radiating heat due to the conjunction of heat flux with the
consideration of the Roseland approach affecting the nanofluid temperature. Thermal radiation is
used as a measure of the amount of emission of electromagnetic radiation from the surface of the
elements. Further, this emission will transform into thermal radiation. The mathematical

Figure 7. Profiles of /(g) at Pr ¼ 1, a¼ 1, Nt¼Nb ¼ 0.1, n¼ 1, Sc ¼ 0.8, d¼ 0.5, E¼ 1, Lb¼ Pe ¼ 1, 03BB ¼ 0.2, Bi ¼ 0.1,
N¼ 0.1, Mc ¼ 0.1, b¼ 0.1.

Figure 8. Profiles of 03B8(g) at Pr ¼ 2, a¼ 0.1, Nt¼Nb ¼ 0.1, n¼ 1, Sc ¼ 0.8, d¼ 0.5, E¼ 1, Lb¼ Pe ¼ 1, 03BB ¼ 0.2, Bi ¼
0.1, N¼ 0.1, Mc ¼ 0.1, b¼ 0.1.
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expression exhibits the variation in the free stream temperature with the impact of absorption
coefficients. The enhanced radiation will augment the fluid temperature throughout by enhancing
bounding surface thickness. The variation in the profile at the surface is due to the consideration
of the heat flux conditions. Figure 9 shows the behavior of the thermal radiation on the concen-
tration distribution and this contribution occurs because of the coupling behavior of the profiles
of the temperature and concentration. Though the profile enhances near the surface, the magni-
tude decreases with increasing radiation, and this exhibits a greater increase in the thickness.

3.4. Effect of thermal Biot number

Figure 10 illustrates the characteristic of the thermal Biot number on the nanofluid temperature
distribution for the existence of the other characterizing factors. The assumption of the heat flux

Figure 9. Profiles of /(g) at Pr ¼ 2, a¼ 0.1, Nt¼Nb ¼ 0.1, n¼ 1, Sc ¼ 0.8, d¼ 0.5, E¼ 1, Lb¼ Pe ¼ 1, 03BB ¼ 0.2, Bi ¼ 0.1,
N¼ 0.1, Mc ¼ 0.1, b¼ 0.1.

Figure 10. Profiles of 03B8(g) at Pr ¼ 2, a¼ 0.1, k¼ 0.2, Nt¼Nb ¼ 0.1, n¼ 1, Sc ¼ 0.8, d¼ 0.5, E¼ 1, Lb¼ Pe ¼ 1, N¼ 0.1, Mc
¼ 0.1, b¼ 0.1.
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boundary condition exhibits the role of the thermal Biot number. The large value of Bi indicates
the withdrawal of the flux condition, and this validates the conditions considered herein. Further,
the enhanced Biot number is favorable to enhance the fluid temperature that causes a sooth aug-
mentation in the thermal boundary layer thickness. The increasing thickness reveals the move-
ment of the fluid energy from the bottom part, and this causes a greater cooling of the surface.
Figure 11 demonstrates the behavior of Bi on the fluid concentration distribution. With an
increasing negative magnitude, the fluid concentration retards for the increasing Biot number
nearest the surface region up to the meeting point of the profiles at g ¼ 2 an afterward reverse
trend is exhibited in enhancing the profile for the Biot number. A higher value of Bi i.e. Bi ! 1
credits for the nonexistence of heat flux shows maximum enhancement in comparison to
other existing values. Moreover, Figure 12 shows the increasing behavior in the profiles of

Figure 11. Profiles of /(g) at Pr ¼ 2, a¼ 0.1, k¼ 0.2, Nt¼Nb ¼ 0.1, n¼ 1, Sc ¼ 0.8, d¼ 0.5, E¼ 1, Lb¼ Pe ¼ 1, N¼ 0.1, Mc ¼
0.1, b¼ 0.1.

Figure 12. Profiles of w(g) at Pr ¼ 2, a¼ 0.1, k¼ 0.2, Nt¼Nb ¼ 0.1, n¼ 1, Sc ¼ 0.8, d¼ 0.5, E¼ 1, Lb¼ Pe ¼ 1, N¼ 0.1, Mc ¼
0.1, b¼ 0.1.
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micro-organisms for the enhanced Biot number. This behavior shows an augmentation in the
thickness of the surface with an asymptotic nature.

3.5. The behavior of thermophoresis and Brownian motion

Figure 13 portrays the significant behavior of the thermophoresis affecting the concentration dis-
tribution for the variation in the Brownian motion. This observation occurs for the cross-diffu-
sion effect between the profiles of temperature and concentration. Brownian is the measure of the
thermal rate within the system due to the random movement of the particles. Also, thermophore-
sis is the diffusion of thermal energy into the concentration gradient that couples the profiles.
The figure exhibits the behavior of Nb their diversified values such as the Nb ¼ 0:1 (solid) and
Nb ¼ 0:5 (Dash). Irrespective of the variation of Nb, the variation of Nt shows dual characteristics

Figure 13. Profiles of /(g) at Pr ¼ 2, a¼ 0.1, k¼ 0.2, Bi ¼ 0.1, n¼ 1, Sc ¼ 0.8, d¼ 0.5, E¼ 1, Lb¼ Pe ¼ 1, N¼ 0.1, Mc ¼
0.1, b¼ 0.1.

Figure 14. Profiles of w(g) at Pr ¼ 2, a¼ 0.1, k¼ 0.2, Bi ¼ 0.1, n¼ 1, Sc ¼ 0.8, d¼ 0.5, E¼ 1, Lb¼ Pe ¼ 1, N¼ 0.1, Mc ¼
0.1, b¼ 0.1.
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from the point of inflection as depicted in the figure. Near the surface region, the increasing thermo-
phoretic effect attenuates the fluid concentration with increasing magnitude in the negative direction.
Further, afterward, the trend shows its opposite impact. In comparative analysis, it is seen that the
enhanced Brownian motion favors in enhancing the concentration profile. Figure 14 exhibits the
influence of both of these parameters on the motile micro-organism profiles. The profile augments
with the increasing factor of the thermophoresis and reverse impact is rendered for the increasing
Brownian motion. Finally, Figure 15 displays the impact of peclet number on the motile micro-organ-
ism profiles. The profile augments with the increasing the peclet number values.

3.6. The behavior of various components on rate coefficients

The simulated numerical results of the Nusselt number for the diversified parameters within their
proper range are depicted in Table 2. The observation reveals that for the enhanced non-
Newtonian parameter along with the inclusion of Biot number due to heat flux and thermal radi-
ation augments the heat transfer rate significantly. Further, thermophoresis and Brownian motion

Figure 15. Profiles of w(g) at Pr ¼ 2, a¼ 0.1, k¼ 0.2, Bi ¼ 0.1, Nt¼Nb ¼ 0.1, n¼ 1, Sc ¼ 0.8, d¼ 0.5, E¼ 1, Lb ¼ 1,
N¼ 0.1, b¼ 0.1.

Table 2. Computation of Nusselt Number for different Values of a, Bi,N,Nt, &Nb when Pr ¼ 6:2, n ¼ 0:5, k ¼ 0:2, Sc ¼
0:8, d ¼ 1, E ¼ 1, Lb ¼ Pe ¼ 1, Mc ¼ 0:1, b ¼ 0:1:

a Bi N Nt Nb Re�0:5
r Nu

0.1 0.1 0.1 0.1 0.1 0.094862423
0.3 0.095910450
0.5 0.097184817
0.1 0.5 0.303810226

2.0 0.511175723
5.0 0.589642476
0.1 0.5 0.126265356

1.0 0.163834844
1.2 0.199669553
0.1 0.2 0.094784864

0.3 0.094705381
0.5 �0.181148618
0.1 0.2 0.094862423

0.3 0.094784864
0.5 0.094705381
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attenuate the profile of the heat transfer rate. Table 3 shows the significant behavior of the contri-
buting parameters on the Sherwood number. The heavier species favors a declaration in the solu-
tal transfer rate whereas insignificant retardation occurs for the increasing thermal difference and
the Arrhenius energy. The enhanced chemical reaction also favors in restricting the coefficient.
Dual observation is revealed for the thermophoresis and the Brownian motion on the Sherwood
number. It is seen that the solutal rate enhances for the increasing thermophoresis, but it retards
significantly for the increasing Brownian motion. Table 4 represents the variation of diversified
parameters on the computation of the Deborah number with the existence of other fixed parame-
ters. The increasing behavior of the non-Newtonian parameter enhances the Deborah number
along with the variation of the Lewis number. However, increasing Peclet and magnetic parame-
ters retards the Deborah number significantly.

3.7 Response surface Methodology (RSM)

The goal of the RSM is to empirically establish connections between several independent input fac-
tors and several distinct output variables. This method is useful for assessing multi-response

Table 3. Computation of Sherwood number for different Values of Sc, d, E,r1, n,Nt, &Nb when Sc ¼ 0:8, Pr ¼ 2, n ¼ 0:5:

Sc d E r1 n Nt Nb Re�0:5
r Sh

0.22 0.5 1.0 1.0 1.0 0.1 0.1 0.076522453
0.78 0.076435664
2.62 0.076313058
0.22 1.0 0.076518334

1.5 0.076514319
2.0 0.076510423
0.5 0.5 0.076518334

1.5 0.076514319
2.0 0.076510423
1.0 1.5 0.076504048

2.0 0.076491118
2.5 0.076479315
1.0 0.5 0.076520695

1.5 0.076515833
2.0 0.076513188
1.0 0.2 0.152892358

0.3 0.229118589
0.4 0.305193396
0.1 0.2 0.038259167

0.3 0.025506111
0.4 0.019129584

Table 4. Computation of Deborah Number for different Values of a, Lb , Pe&Mc when Pr ¼ 6:2, n ¼ 0:5, Bi ¼ Nt ¼ Nb ¼ N ¼
0:1, k ¼ 0:2, Sc ¼ 0:8, d ¼ 0:5, E ¼ 1, b ¼ 0:1:

a Lb Pe Mc Re�0:5
r De

0.1 1.0 1.0 0.1 0.299214497
0.3 0.326365747
0.5 0.365873456
0.1 0.3 0.106820423

0.6 0.197722825
0.9 0.275961636
1.0 0.1 0.360860994

0.3 0.347035575
0.5 0.333281546
1.0 0.2 0.293393305

0.4 0.281750923
0.6 0.270108540
1.0 0.246824716
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processes with several variables since it reveals which input factors have the least and greatest impact
on the outcomes. Introducing RSM in 1951, its main purpose was to optimize the response. Using
RSM, the influence of selected input parameters Nt,Bi and N on the response variable is examined.
As a result of simulation, the range of the parameters is considered to be 0:1 < Nt < 0:3,
0:1 < Bi < 0:5, 0:5 < N < 1:5: Further, a statistical model is developed which consists of 20 runs
in sorted order for three independent factors and is documented in Table 5. Table 6 displays the
results of a Central Composite Design in short CCD, that uses a face-centered approach to create a
second-order model for three input parameters over three levels. This model elucidates the influence
of input parameter interactions on the output. The following is the regression model expressed as in
terms of a second-order polynomial model for this optimization analysis:

Nusselt number ¼ 0:228867� 0:003659 Nt þ 0:067450 Biþ 0:022064 N þ 0:000250 Nt2

�0:029099 Bi2 � 0:004016 N2 � 0:002885 Nt � Bi� 0:000906 Nt � N � 0:000529 Bi � N

The subsequent outcomes are then obtained by first deleting the irrelevant components from the
response function and then figuring out the coefficients of regression.

NuðNusselt numberÞ ¼ 0:228867� 0:003659Nt þ 0:067450Biþ 0:022064N � 0:029099Bi2

� 0:004016N2 � 0:002885NtBi

3.8. Analysis of variance for accuracy

For testing of the accuracy of the model, an effective statistical approach i.e. “Analysis of
Variance” (ANOVA) is used and the results for different sources with corresponding degrees of
freedom are presented in Table 7. It also exhibits the results of different testing like p-values, F-
values, adjusted sum of squares, adjusted mean square (AMS), errors, and total error. The stand-
ard results are obtained with F � values > 1 and p� values < 0:05 to get the better accuracy of
the proposed model with a 5% significant level or 95% confidence. The tabular result reveals for
the considered range of Nt,Bi and N the p-values are obtained by ANOVA and the model for
the response with these factors is presented. Finally, it is concluded that the designed model is a
best-fit model since the resultant table displays the adjusted, as well as computed values, R2 ¼
100%: Further, Figure 16 displays the residual plots combined with the regression line as well as
the fitting values for their various order, recommending that all the expected values rendered are
very much closer to a formation of the straight line.

3.9. Sensitivity analysis

Sensitivity analysis is a key concept in the modeling and simulation of the proposed design. The
current study examines the heat transfer rate’s sensitivity to small changes in parameters under
controlled conditions. It is described as the partial derivative of the response function of the local
Nusselt number concerning the characterizing parameters ðNt,Bi,NÞ, also known as ðA,B,CÞ
coded variables. This is how you calculate the derivative in partial form for the actual variables.

Table 5. Range of effective parameters and their levels for Nu:

Parameter
Level

Low (�1) Middle (0) High (1)

0:1 < Nt < 0:3 0.1 0.2 0.3
0:1 < Bi < 0:5 0.1 0.3 0.5
0:5 < N < 1:5 0.5 1 1.5
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@Nu
@Nt

¼ �0:003659� 0:002885Bi

@Nu
@Bi

¼ 0:067450� 0:058198Bi� 0:002885Nt

@Nu
@N

¼ 0:022064� 0:008032N

The sensitivity of the heat flow rate is shown in Table 8 here. The rates of heat transport have
increased and decreased, respectively, as seen by both positive and negative numbers. When the
rate of change is positive, the parameters and the response variable are positively associated;
when the rate of change is negative, they are negatively associated. From the Table it can be
observed that the transport of heat toward thermophoresis has the highest sensitivity value
(-0.000774) at the uncoded values of ðA ¼ 0,B ¼ �1,C ¼ �1Þ Nt ¼ 0:2,N ¼ 0:5&Bi ¼ 0:1,
toward thermal Biot number has the highest sensitivity value (0.125648) at Nt ¼ 0:2,

Table 6. Experimental design for Nu:

Runs Low Middle High Nt Bi N Nu

1 �1 �1 �1 0.10 0.10 0.50 0.10713
2 1 �1 �1 0.30 0.10 0.50 0.106415
3 �1 1 �1 0.10 0.50 0.50 0.247166
4 1 1 �1 0.30 0.50 0.50 0.237189
5 �1 �1 1 0.10 0.10 1.50 0.152021
6 1 �1 1 0.30 0.10 1.50 0.14996
7 �1 1 1 0.10 0.50 1.50 0.292218
8 1 1 1 0.30 0.50 1.50 0.276338
9 �1 0 0 0.10 0.30 1.00 0.232883
10 1 0 0 0.30 0.30 1.00 0.224931
11 0 �1 0 0.20 0.10 1.00 0.130997
12 0 1 0 0.20 0.50 1.00 0.268119
13 0 0 �1 0.20 0.30 0.50 0.20064
14 0 0 1 0.20 0.30 1.50 0.248642
15 0 0 0 0.20 0.30 1.00 0.229008
16 0 0 0 0.20 0.30 1.00 0.229008
17 0 0 0 0.20 0.30 1.00 0.229008
18 0 0 0 0.20 0.30 1.00 0.229008
19 0 0 0 0.20 0.30 1.00 0.229008
20 0 0 0 0.20 0.30 1.00 0.229008

Table 7. Analysis of the Variance table for Nu:

Source Degrees of Freedom Adjusted Sum of Squares Adjusted Mean Square F-Value P-Value Coefficients

Model 9 0.055539 0.006171 3924.08 0.000 (Constant)
0.228867

Linear 3 0.050497 0.016832 10703.62 0.000
Nt 1 0.000134 0.000134 85.14 0.000 �0.003659
Bi 1 0.045495 0.045495 28930.19 0.000 0.067450
N 1 0.004868 0.004868 3095.52 0.000 0.022064
Square 3 0.004966 0.001655 1052.66 0.000
Nt2 1 0.000000 0.000000 0.11 0.748 0.000250
Bi2 1 0.002329 0.002329 1480.75 0.000 �0.029099
N2 1 0.000044 0.000044 28.20 0.000 �0.004016
2-Way Interaction 3 0.000075 0.000025 15.98 0.000
Nt � Bi 1 0.000067 0.000067 42.33 0.000 �0.002885
Nt � N 1 0.000007 0.000007 4.17 0.068 �0.000906
Bi� N 1 0.000002 0.000002 1.42 0.260 �0.000529
Error 10 0.000016 0.000002
Lack-of-Fit 5 0.000016 0.000003 � �
Pure Error 5 0.000000 0.000000
Total 19 0.055555

R2 ¼ 99:97%, Adjusted R2 ¼ 99:95%
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N ¼ 0:5&Bi ¼ 0:1 and toward thermal radiation has highest sensitivity value at the uncoded val-
ues of Nt ¼ 0:2,N ¼ 1:5&0:1 < Bi < 0:5: Similarly, the lowest sensitivity value (-0.006544) of
heat transport toward thermophoresis is at the uncoded values of Nt ¼ 0:2,N ¼ 0:5&Bi ¼ 0:5,
toward thermal Biot number is (0.009252) at the uncoded values of Nt ¼ 0:2,N ¼ 0:5&Bi ¼ 0:5,
and toward thermal radiation is (0.014032) at the uncoded values of Nt ¼ 0:2,N ¼ 1:5&0:1 <

Bi < 0:5: The low to higher level values of thermal radiation as well as the thermal Biot number
control the rise in the rate of heat transfer but for the low to high-level values N, the rise in the
rate of transfer of heat can be achieved at the middle-level values Nt and Bi: Furthermore, the
sensitivity toward thermal radiation at the middle level of Nt and lower level values of thermal
radiation for the low to high-level values of thermal Biot number remains unchanged.

3.10. Contour and surface plots for the response function

The variation of the various factors like and on the surface and the contour plot for the response
of Nusselt number is displayed through Figures 17–22. Figure 17 portrays the impact of the

Figure 16. Residual Plots for Nu:

Table 8. Sensitivity analysis of the response Nu:

N Bi

Sensitivity values
@Nu
@Nt

@Nu
@Bi

@Nu
@N

�1 �1 �0.000774 0.125648 0.030096
0 �0.003659 0.06745 0.030096
1 �0.006544 0.009252 0.030096

0 �1 �0.000774 0.125648 0.022064
0 �0.003659 0.06745 0.022064
1 �0.006544 0.009252 0.022064

1 �1 �0.000774 0.125648 0.014032
0 �0.003659 0.06745 0.014032
1 �0.006544 0.009252 0.014032
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interact terms thermophoresis and Biot number on the Nusselt number with the proposed zero
level of the third-factor thermal radiation through the surface plot. The observation reflects that
the enhanced Biot number augments the heat transfer rate where the variation thermophoresis
decreases insignificantly. Figure 18 illustrates the surface plot for the substantial characteristic of
the factors of thermal radiation and thermophoresis on the heat transfer rate by ignoring the fac-
tor of Biot number. The result shows that enhanced thermal radiation increases the response sig-
nificantly. Figure 19 depicts the surface plot for the behavior of the factors thermal radiation and
the Biot number on the response of heat transfer rate withdrawing the role of the factor thermo-
phoresis. The observation reveals that the variation of both factors augments the rate coefficient

Figure 17. Surface Plot for the components Bi and Nt on the response Nu:

Figure 18. Surface Plot for the components N and Nt on the response Nu:
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throughout. Further, Figure 20 exhibits the pattern of the response of the Nusselt number
through the contour plot for the factors thermophoresis and Biot number. It reveals that the flow
pattern enhances significantly with the increasing factors. Figure 21 shows the contour plot for
the variation of thermal radiation and thermophoresis and the result shows an incredible
enhancement in the response for both factors. Finally, Figure 22 portrays the role of thermal radi-
ation and the Biot number on the heat transfer rate via a contour plot. A similar tendency is
observed for the variation of both these factors.

Figure 19. Surface Plot for the components N and Bi on the response Nu:

Figure 20. Contour plot for the components Bi and Nt on the response Nu:
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4. Conclusive remarks

The proposed study discloses a statistical approach such as the response surface methodology for
the optimization of the heat transfer rate for the bio-convective flow of non-Newtonian nanofluid
over a circular disk that is stretching in a radial direction with a uniform rate. The novel

Figure 21. Contour plot for the components N and Nt on the response Nu:

Figure 22. Contour plot for the components N and Bi on the response Nu:
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characteristic of a binary chemical reaction and activation energy is incorporated to enhance the
study. The regression analysis is accessible through the analysis of variance with sensitivity ana-
lysis. Further, the outstanding outcomes are deployed as follows;

� The conformity of the current result of the rate coefficients like heat transfer rate, solutal
transfer rate and Deborah number with the earlier established result shows good agreement
and that also reveals the convergence criteria of the current methodology.

� The non-Newtonian parameter along with the stretching parameter shows its significant fea-
tures in enhancing the radial velocity profile further reverse trend is observed in the fluid
temperature.

� The radiating heat along with thermal Biot number enriches the nanofluid temperature but
the concentration distribution retards the increasing radiation further, the energy created at
the surface region stored thereat then boosts up the fluid temperature significantly due to
radiation.

� The optimization of the response of the Nusselt number for the various factors i.e. thermal
radiation, thermophoresis, and the Biot number is presented using response surface method-
ology and is validated with the statistical approach of ANOVA with regression analysis.

� Sensitivity analysis confirms that heat transfer rate is positively correlated with thermal radi-
ation and thermal Biot number, but negatively correlated with thermophoresis parameter.
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